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[Topics]:

Limiting Theorems

1 Some Inequalities

Markov Inequality
Suppose a random variable X has finite k′th moment, i.e. E(|X|k) <∞. Then for any ε > 0,

P (|X| ≥ ε) ≤ E(|X|k)

εk

Proof
Assume X is a continuous random variable with pdf f(x), then

P (|X| ≥ ε) =

∫
|X|≥ε

f(x)dx

≤
∫
|X|≥ε

(
|x|
ε

)kf(x)dx, as |x| ≥ ε

=
1

εk

∫
|X|≥ε

|x|kf(x)dx

≤ 1

εk

∫ +∞

−∞
|x|kf(x)dx

=
1

εk
× E(|X|k)

=
E(|X|k)

εk

The proof for discrete random variable case is similar.

Corollary of Markov Inequality
Suppose a random variable X satisfies the condition that E(X2) <∞, then for any a > 0, we have:

P (|X| ≥ a) ≤ E(X2)

a2

Proof For Markov inequality, take k = 2.

Chebyshev Inequality
Suppose a random variable X satisfies the condition that E(X2) <∞, then for any ε > 0, we have:

P (|X − E(X)| ≥ ε) ≤ V ar(X)

ε2

Proof Let Y = X − E(X) and apply the above inequality:

P (|X − E(X)| ≥ ε) ≤ E(X − E(X))2

ε2

=
V ar(X)

ε2
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2 Weak Law of Large Numbers

Suppose Xi, X2, · · · , Xn are independent random variables with common mean µ and common finite variacne σ2. Let
Xn = 1

n

∑n
i=1Xi denotes the sample mean. Then for any ε > 0, we have

limn→∞ P (|Xn − µ| > ε) = 0

Proof

E(Xn) = E(
1

n

n∑
i=1

Xi)

=
1

n

n∑
i=1

E(Xi)

= µ

And

V ar(Xn) = V ar(
1

n

n∑
i=1

Xi)

= (
1

n
)2

n∑
i=1

E(Xi)

=
σ2

n

Now apply Chebyshev’s inequality,

P (|Xn − E(Xn)| ≥ ε) ≤ V ar(Xn)

ε2

P (|Xn − µ| ≥ ε) ≤
σ2

nε2

As n→∞, we have limn→∞ P (|Xn − µ| > ε) = 0 for any ε > 0.

Interpretation
For any observations of a distribution, as the size of the observation sample goes larger, the sample mean will converge to
the mean of the distribution.

3 Central Limit Theorem

Suppose Xi, X2, · · · , Xn are independent random variables with common mean µ and common finite variacne σ2. Let
Xn = 1

n

∑n
i=1Xi denotes the sample mean. Then for each fixed x, we have

limn→∞ P (
√
n(Xn−µ)

σ ≤ x) = Φ(x)

where Φ(x) denotes the cdf of standard normal distribution.

Interpretation
For any observations of a distribution, as the size of the observation sample goes larger, the sample mean will behave as a
normal distribution.
As in section 2, E(Xn) = µ and V ar(Xn = σ2

n ). Then

E(

√
n(Xn − µ)

σ
) =

√
n

σ
E(Xn − µ)

=

√
n

σ
× 0

= 0
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And

V ar(

√
n(Xn − µ)

σ
) = (

√
n

σ
)2V ar(Xn − µ)

=
n

σ2
× σ2

n
= 1
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